Introduction {#Sec1}
============

Satisfiability (SAT) solvers are used to determine the correctness of hardware and software systems \[[@CR4], [@CR16]\]. It is therefore crucial that these solvers justify their claims by providing proofs that can be independently verified. This holds also for various other applications that use SAT solvers. Just recently, long-standing mathematical problems were solved using SAT, including the Erdős Discrepancy Problem \[[@CR21]\], the Pythagorean Triples Problem \[[@CR13]\], and the computation of the fifth Schur number \[[@CR10]\]. Especially in such cases, proofs are at the center of attention and without them the result of a solver is almost worthless. What the mathematical problems and the industrial applications have in common is that proofs are often of considerable size---about 200 terabytes in the case of the Pythagorean Triples Problem and even two petabytes for the fifth Schur number. As the size of proofs is influenced by the strength of their underlying proof system, the search for shorter proofs goes hand in hand with the search for stronger proof systems.

In this article, we introduce highly expressive clausal proof systems that can capture most of the techniques used by modern SAT solvers. Informally, a clausal proof system allows the addition of redundant clauses to a formula in conjunctive normal form (CNF). Here, a clause is considered *redundant* if its addition preserves satisfiability. If the repeated addition of clauses allows us to eventually add the empty clause---which is, by definition, unsatisfiable---then the unsatisfiability of the original formula has been established.

Since the redundancy of clauses is not efficiently decidable in general, practical proof systems only allow the addition of a clause if it fulfills some efficiently decidable criterion that ensures redundancy. For instance, the popular $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {DRAT}$$\end{document}$ proof system \[[@CR30]\], which is the de-facto standard in practical SAT solving, only allows the addition of so-called *resolution asymmetric tautologies* \[[@CR18]\]. Given a formula and a clause, it can be decided in polynomial time whether the clause is a resolution asymmetric tautology with respect to the formula and therefore the soundness of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {DRAT}$$\end{document}$ proofs can be checked efficiently.

We present various new redundancy criteria by introducing a characterization of clause redundancy based on a semantic implication relationship between formulas. By replacing the implication relation in this characterization with restricted notions of implication that are computable in polynomial time, we then obtain powerful redundancy criteria that are still efficiently decidable. These redundancy criteria not only generalize earlier ones such as *resolution asymmetric tautologies* \[[@CR18]\] or *set-blocked clauses* \[[@CR19]\], but they are also closely related to other concepts from the literature, including *autarkies* \[[@CR24]\], *safe assignments* \[[@CR29]\], *variable instantiation* \[[@CR1]\], and *symmetry breaking* \[[@CR6]\].

Proof systems based on our new redundancy criteria turn out to be highly expressive, even without allowing the introduction of new variables. This is in contrast to resolution, which is considered relatively weak as long as the introduction of new variables via definitions---as in the stronger proof system of *extended resolution* \[[@CR9], [@CR26]\]---is not allowed. The introduction of new variables, however, has a major drawback---the search space of variables and clauses we could possibly add to a proof is clearly exponential. Finding useful clauses with new variables is therefore hard in practice and resulted only in limited success in the past \[[@CR2], [@CR23]\].

We illustrate the strength of our strongest proof system by providing short clausal proofs for the famous pigeon hole formulas without introducing new variables. The size of the proofs is linear in the size of the formulas and the clauses added in the proof contain at most two literals. In these proofs, we add redundant clauses that are similar in nature to symmetry-breaking predicates \[[@CR6], [@CR7]\]. To verify the correctness of proofs in our new system, we implemented a proof checker. The checker is built on top of DRAT-trim \[[@CR30]\], the checker used to validate the unsatisfiability results of the recent SAT competitions \[[@CR3]\]. We compare our proofs with existing proofs of the pigeon hole formulas in other proof systems and show that our new proofs are much smaller and cheaper to validate.

This invited article is an extended version of our CADE'17 best paper \[[@CR14]\]. Apart from several small improvements throughout the article, we extended the conference version by adding Sect. [7](#Sec7){ref-type="sec"}, which describes further interesting properties of the redundant clauses introduced in this article. We also included a new discussion of open problems in Sect. [9](#Sec9){ref-type="sec"}.

Preliminaries {#Sec2}
=============

We consider propositional formulas in *conjunctive normal form* (CNF), which are defined as follows. A *literal* is either a variable *x* (a *positive literal*) or the negation $\documentclass[12pt]{minimal}
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                \begin{document}$${\overline{x}}$$\end{document}$ of a variable *x* (a *negative literal*). The *complement*$\documentclass[12pt]{minimal}
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                \begin{document}$${\overline{l}}$$\end{document}$ of a literal *l* is defined as $\documentclass[12pt]{minimal}
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                \begin{document}$$l = {\overline{x}}$$\end{document}$. For a literal *l*, we denote the variable of *l* by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ var (l)$$\end{document}$. A *clause* is a disjunction of literals. If not stated otherwise, we assume that clauses do not contain *complementary literals*, i.e., a literal and its complement. A *formula* is a conjunction of clauses. Clauses can be viewed as sets of literals and formulas as sets of clauses. For a set *L* of literals and a formula *F*, we define $\documentclass[12pt]{minimal}
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                \begin{document}$$F_L = \{ C \in F \mid C \cap L \ne \emptyset \}$$\end{document}$. We sometimes write $\documentclass[12pt]{minimal}
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                \begin{document}$$F_{\{l\}}$$\end{document}$.

An *assignment* is a function from a set of variables to the truth values 1 (*true*) and 0 (*false*). An assignment is *total* with respect to a formula if it assigns a truth value to all variables occurring in the formula, otherwise it is *partial*. We often denote assignments by the sequences of literals they satisfy. For instance, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x{\overline{y}}$$\end{document}$ denotes the assignment that makes *x* true and *y* false. We denote the domain of an assignment $\documentclass[12pt]{minimal}
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                \begin{document}$$ var (\alpha )$$\end{document}$. A literal *l* is *satisfied* by an assignment $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha ( var (l)) = 1$$\end{document}$ or if it is negative and $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha ( var (l)) = 0$$\end{document}$. A literal is *falsified* by an assignment if its complement is satisfied by the assignment. A clause is satisfied by an assignment $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$. Finally, a formula is satisfied by an assignment $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$ if all its clauses are satisfied by $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$. A formula is *satisfiable* if there exists an assignment that satisfies it. Two formulas are *logically equivalent* if they are satisfied by the same total assignments; they are *satisfiability equivalent* if they are either both satisfiable or both unsatisfiable.
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                \begin{document}$$\alpha $$\end{document}$ and a clause *C*, we define $\documentclass[12pt]{minimal}
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                \begin{document}$$C{\,}|{\,}\alpha $$\end{document}$ denotes the result of removing from *C* all the literals falsified by $\documentclass[12pt]{minimal}
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                \begin{document}$$F{\,}|{\,}\alpha = \{C{\,}|{\,}\alpha \mid C \in F~\text {and}~ C{\,}|{\,}\alpha \ne \top \}$$\end{document}$. We say that a clause *Cblocks* an assignment $\documentclass[12pt]{minimal}
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                \begin{document}$$C = \{x \mid \alpha (x) = 0\} \cup \{{\overline{x}} \mid \alpha (x) = 1\}$$\end{document}$. A *unit clause* is a clause that contains only one literal. The result of applying the *unit-clause rule* to a formula *F* is the formula $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$ being an assignment that satisfies a unit clause in *F*. The iterated application of the unit-clause rule to a formula, until no unit clauses are left, is called *unit propagation*. If unit propagation on a formula *F* yields the empty clause $\documentclass[12pt]{minimal}
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                \begin{document}$$\bot $$\end{document}$, we say that it derived a *conflict* on *F*. For example, unit propagation derives a conflict on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$F'$$\end{document}$. Furthermore, by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Clause Redundancy and Clausal Proofs {#Sec3}
====================================

In the following, we introduce a formal notion of clause redundancy and demonstrate how it provides the basis for clausal proof systems. We start by introducing clause redundancy \[[@CR19]\]:

Definition 1 {#FPar1}
------------

A clause *C* is *redundant* with respect to a formula *F* if *F* and $\documentclass[12pt]{minimal}
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                \begin{document}$$F \wedge C$$\end{document}$ are satisfiability equivalent (although they are not logically equivalent). This redundancy notion allows us to add redundant clauses to a formula without affecting its satisfiability and so it provides the basis for so-called *clausal proof systems*.
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The strength of a clausal proof system depends on the *generality* of the underlying redundancy criterion. We say that a redundancy criterion $\documentclass[12pt]{minimal}
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Clause Redundancy via Implication {#Sec4}
=================================

In the following, we introduce a characterization of clause redundancy that reduces the question whether a clause is redundant with respect to a certain formula to a simple question of implication. The advantage of this is that we can replace the logical implication relation by polynomially decidable implication relations to derive powerful redundancy criteria that are still efficiently checkable. These redundancy criteria can then be used to obtain highly expressive clausal proof systems.

Our characterization is based on the observation that a clause in a CNF formula can be seen as a constraint that blocks those assignments that falsify the clause. Therefore, a clause can be safely added to a formula if it does not constrain the formula too much. What we mean by this is that after adding the clause, there should still exist other assignments (i.e., assignments not blocked by the clause) under which the formula is at least as satisfiable as under the assignments blocked by the clause. Consider the following example:

Example 1 {#FPar2}
---------
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This motivates our new characterization of clause redundancy presented next. The characterization requires the existence of an assignment that satisfies the clause and so it is only applicable to non-empty clauses. Note that for a given clause *C*, "*the* assignment $\documentclass[12pt]{minimal}
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Theorem 1 {#FPar3}
---------
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Proof {#FPar4}
-----
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For the "if" direction, assume that there exists an assignment $\documentclass[12pt]{minimal}
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This alternative characterization of redundancy allows us to replace the logical implication relation by restricted implication relations that are polynomially decidable. For instance, we can replace the condition $\documentclass[12pt]{minimal}
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Definition 3 {#FPar7}
------------
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Definition 4 {#FPar10}
------------
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Example 3 {#FPar11}
---------
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Definition 5 {#FPar12}
------------
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To show that set-propagation-redundant clauses generalize set-blocked clauses, we first characterize them as follows:

Lemma 3 {#FPar13}
-------
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Proof {#FPar14}
-----
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Theorem 4 {#FPar15}
---------

If a clause *C* is set-blocked by a set *L* in a formula *F*, it is set-propagation redundant with respect to *F*.

Proof {#FPar16}
-----
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We thus know that set-propagation-redundant clauses generalize both resolution asymmetric tautologies and set-blocked clauses. As there are resolution asymmetric tautologies that are not set-blocked (and vice versa) \[[@CR19]\], it follows that set-propagation-redundant clauses are actually a *strict* generalization of these two kinds of clauses.
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By giving practically full freedom to the witnessing assignments, i.e., by only requiring them to satisfy *C*, we finally arrive at propagation-redundant clauses, the most general of the three redundancy notions:

Definition 6 {#FPar17}
------------
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Example 4 {#FPar18}
---------
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Since the witnessing assignments $\documentclass[12pt]{minimal}
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Definition 7 {#FPar19}
------------

Given a formula $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F = \{C_1, \dots , C_m\}$$\end{document}$, a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {PR}$$\end{document}$*derivation* of a clause $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_n$$\end{document}$ from *F* is a sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(C_{m+1},\omega _{m+1}),\dots , (C_n,\omega _n)$$\end{document}$ where for every pair $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(C_i, \omega _i)$$\end{document}$, one of the following holds: (1) $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega _i$$\end{document}$ is an assignment that satisfies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_i$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_{i-1}{\,}|{\,}\alpha _i \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}F_{i-1}{\,}|{\,}\omega _i$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _i$$\end{document}$ being the assignment blocked by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_i$$\end{document}$, or (2) $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_n = \bot $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F_{n-1} \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}\bot $$\end{document}$. A $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {PR}$$\end{document}$ derivation of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bot $$\end{document}$ from *F* is a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {PR}$$\end{document}$*proof* of *F*.

The $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {LPR}$$\end{document}$ proof system and the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {SPR}$$\end{document}$ proof system are defined accordingly. Note that in the definition above we treat the empty clause separately because only non-empty clauses can be propagation redundant. If we allow the mentioned proof systems to delete arbitrary clauses, we obtain the proof systems $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {D}\mathsf {LPR}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {D}\mathsf {SPR}$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {D}\mathsf {PR}$$\end{document}$. We will not consider deletion in the rest of the article.

Short Proofs of the Pigeon Hole Principle {#Sec5}
=========================================

In a landmark article, Haken \[[@CR9]\] showed that pigeon hole formulas cannot be refuted by resolution proofs that are of polynomial size with respect to the size of the formulas. In contrast, Cook \[[@CR5]\] proved that there are actually polynomial-size refutations of the pigeon hole formulas in the stronger proof system of *extended resolution*. What distinguishes extended resolution from general resolution is that it allows the introduction of new variables via definitions. Cook showed how the introduction of such definitions helps to reduce a pigeon hole formula of size *n* to a pigeon hole formula of size $\documentclass[12pt]{minimal}
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It remains to show that the diagonal clauses are indeed propagation redundant with respect to the pigeon hole formula. To do so, we show that for every assignment $\documentclass[12pt]{minimal}
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Properties of Propagation Redundancy {#Sec7}
====================================
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Example 5 {#FPar20}
---------
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Proposition 5 {#FPar21}
-------------
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Proof {#FPar22}
-----
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                \begin{document}$$C_i{\,}|{\,}x \subseteq {\overline{a}}_1 \vee \dots \vee {\overline{a}}_{i-1}$$\end{document}$. Hence, unit propagation on $\documentclass[12pt]{minimal}
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                \begin{document}$$C_1, C_2, \dots , C_i{\,}|{\,}x$$\end{document}$ since it derives all the unit clauses $\documentclass[12pt]{minimal}
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In Example [5](#FPar20){ref-type="sec"}, we presented a formula *F* with two assignments $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
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                \begin{document}$$\omega $$\end{document}$ such that $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$F{\,}|{\,}\alpha \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}F{\,}|{\,}\omega $$\end{document}$. After extending $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$ to $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha x$$\end{document}$, however, we could observe that $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \begin{document}$$F{\,}|{\,}\alpha x \nvdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}F{\,}|{\,}\omega $$\end{document}$. The problem in the example is that in contrast to $\documentclass[12pt]{minimal}
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                \begin{document}$$F{\,}|{\,}\alpha $$\end{document}$, the formula $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$F{\,}|{\,}\alpha x$$\end{document}$ does not imply $\documentclass[12pt]{minimal}
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                \begin{document}$$F{\,}|{\,}\omega $$\end{document}$. However, as the next statement tells us, it is guaranteed that $\documentclass[12pt]{minimal}
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                \begin{document}$${\overline{x}}$$\end{document}$.

In the rest of this section, given a clause $\documentclass[12pt]{minimal}
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                \begin{document}$$C = (c_1 \vee \dots \vee c_n)$$\end{document}$, we write $\documentclass[12pt]{minimal}
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                \begin{document}$$\lnot C$$\end{document}$ for the conjunction $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \begin{document}$${\overline{c}}_1 \wedge \dots \wedge {\overline{c}}_n$$\end{document}$ of unit clauses. In the following statement, the requirement that $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$ must not falsify *x* makes sure that $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
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                \begin{document}$$\alpha x$$\end{document}$ is well-defined:

Lemma 6 {#FPar23}
-------

Let *F* be formula, let $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha , \omega $$\end{document}$ be assignments such that $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}F{\,}|{\,}\omega $$\end{document}$, and let *x* be a literal that is not falsified by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$\alpha $$\end{document}$. Then, $\documentclass[12pt]{minimal}
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                \begin{document}$$F{\,}|{\,}\alpha x \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}D{\,}|{\,}\omega $$\end{document}$ for every clause $\documentclass[12pt]{minimal}
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                \begin{document}$$ var (x) \notin var (D{\,}|{\,}\omega )$$\end{document}$.

Proof {#FPar24}
-----
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                \begin{document}$$F{\,}|{\,}\alpha \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}F{\,}|{\,}\omega $$\end{document}$ and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D{\,}|{\,}\omega \in F{\,}|{\,}\omega $$\end{document}$ be a clause such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ var (x) \notin D{\,}|{\,}\omega $$\end{document}$. Since $\documentclass[12pt]{minimal}
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                \begin{document}$$F{\,}|{\,}\alpha \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}D{\,}|{\,}\omega $$\end{document}$, we know that unit propagation derives a conflict on $\documentclass[12pt]{minimal}
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                \begin{document}$$\lnot (D{\,}|{\,}\omega )$$\end{document}$ being the conjunction of the negated literals of $\documentclass[12pt]{minimal}
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                \begin{document}$$ var (x) \notin var (D{\,}|{\,}\omega )$$\end{document}$, it follows that $\documentclass[12pt]{minimal}
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                \begin{document}$$(F{\,}|{\,}\alpha \wedge \lnot (D{\,}|{\,}\omega )){\,}|{\,}x = F{\,}|{\,}\alpha x \wedge \lnot (D{\,}|{\,}\omega )$$\end{document}$. But then, since unit propagation derives a conflict on $\documentclass[12pt]{minimal}
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                \begin{document}$$F{\,}|{\,}\alpha \wedge \lnot (D{\,}|{\,}\omega )$$\end{document}$, we know, by Proposition [5](#FPar21){ref-type="sec"}, that unit propagation derives a conflict on $\documentclass[12pt]{minimal}
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                \begin{document}$$F{\,}|{\,}\alpha x \wedge \lnot (D{\,}|{\,}\omega )$$\end{document}$. It follows that $\documentclass[12pt]{minimal}
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                \begin{document}$$F{\,}|{\,}\alpha x \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}D{\,}|{\,}\omega $$\end{document}$. $\documentclass[12pt]{minimal}
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Using Lemma [6](#FPar23){ref-type="sec"}, we can show that every literal that is neither falsified by $\documentclass[12pt]{minimal}
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Lemma 7 {#FPar25}
-------

Let *F* be formula, $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$ assignments, and *x* a literal that is neither falsified by $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$. Then, $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
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                \begin{document}$$F{\,}|{\,}\alpha \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}F{\,}|{\,}\omega $$\end{document}$ implies $\documentclass[12pt]{minimal}
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                \begin{document}$$F{\,}|{\,}\alpha x \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}F{\,}|{\,}\omega x$$\end{document}$.

Proof {#FPar26}
-----

Suppose $\documentclass[12pt]{minimal}
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                \begin{document}$$F{\,}|{\,}\alpha \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}F{\,}|{\,}\omega $$\end{document}$ and let $\documentclass[12pt]{minimal}
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                \begin{document}$$D{\,}|{\,}\omega x \in F{\,}|{\,}\omega x$$\end{document}$ for $\documentclass[12pt]{minimal}
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                \begin{document}$$D \in F$$\end{document}$. We show that $\documentclass[12pt]{minimal}
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                \begin{document}$$F{\,}|{\,}\alpha x \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}D{\,}|{\,}\omega x$$\end{document}$. If $\documentclass[12pt]{minimal}
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                \begin{document}$${\overline{x}} \in D{\,}|{\,}\omega $$\end{document}$, then $\documentclass[12pt]{minimal}
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                \begin{document}$$F{\,}|{\,}\alpha x \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}D{\,}|{\,}\omega x$$\end{document}$. If $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
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                \begin{document}$$F{\,}|{\,}\alpha \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}D{\,}|{\,}\omega $$\end{document}$ and hence $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$F{\,}|{\,}\alpha \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}D{\,}|{\,}\omega x$$\end{document}$. Thus, by Lemma [6](#FPar23){ref-type="sec"}, it follows that $\documentclass[12pt]{minimal}
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Assume that a clause *C* is $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}F{\,}|{\,}\alpha _l$$\end{document}$. But then Lemma [7](#FPar25){ref-type="sec"} tells us that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha x_1 \dots x_k \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}F{\,}|{\,}\alpha _l x_1 \dots x_k$$\end{document}$ and thus *D* is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {LPR}$$\end{document}$ with respect to *F*. The same argument applies to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {SPR}$$\end{document}$ clauses (but not to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {PR}$$\end{document}$ clauses in general) and thus we get:

Theorem 8 {#FPar27}
---------

If a clause *C* is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {LPR}$$\end{document}$ ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {SPR}$$\end{document}$) with respect to *F*, then every superclause of *C* is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {LPR}$$\end{document}$ ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {SPR}$$\end{document}$, respectively) with respect to *F*.

To show that the corresponding statement also holds for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {PR}$$\end{document}$ clauses that are not $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {SPR}$$\end{document}$ clauses, we need to show some additional properties of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {PR}$$\end{document}$ clauses. The next statement, which is a simple consequence of Lemma [6](#FPar23){ref-type="sec"}, tells us that the extension of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$ to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha x$$\end{document}$ is harmless if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega $$\end{document}$ already falsifies *x*:

Lemma 9 {#FPar28}
-------

Let *F* be formula, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega $$\end{document}$ be assignments, and let *x* be a literal that is not falsified by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$. Then, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}F{\,}|{\,}\omega {\overline{x}}$$\end{document}$ implies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha x \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}F{\,}|{\,}\omega {\overline{x}}$$\end{document}$.

Proof {#FPar29}
-----

Assume that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ var (x)$$\end{document}$ occurs in a clause $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D \in F$$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x \in D$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D{\,}|{\,}\omega {\overline{x}}$$\end{document}$ does not contain *x*. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\overline{x}} \in D$$\end{document}$, then *D* is satisfied by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega {\overline{x}}$$\end{document}$ and thus $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D{\,}|{\,}\omega {\overline{x}} \notin F{\,}|{\,}\omega {\overline{x}}$$\end{document}$. Thus, by Lemma [6](#FPar23){ref-type="sec"}, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha x \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}F{\,}|{\,}\omega {\overline{x}}$$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Putting everything together, we can now show that we can always extend $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$ if we just extend $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega $$\end{document}$ accordingly:

Lemma 10 {#FPar30}
--------

Let *F* be a formula, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega $$\end{document}$ be two assignments such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}F{\,}|{\,}\omega $$\end{document}$, and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha '$$\end{document}$ be an assignment such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha \subseteq \alpha '$$\end{document}$. Then, there exists an assignment $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega '$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega \subseteq \omega '$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha ' \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}F{\,}|{\,}\omega '$$\end{document}$.

Proof {#FPar31}
-----

Suppose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha '$$\end{document}$ is an assignment such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha \subseteq \alpha '$$\end{document}$. Then, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha '$$\end{document}$ is of the form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha x_1 \dots x_k$$\end{document}$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n \in 0, \dots , n$$\end{document}$. Now, starting with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_1$$\end{document}$, we stepwise extend $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_1, \dots , x_k$$\end{document}$ to finally obtain $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha x_1 \dots x_k$$\end{document}$. We just have to extend $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega $$\end{document}$ to an assignment $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega _k$$\end{document}$ accordingly to ensure that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha x_1 \dots x_k \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}F{\,}|{\,}\omega _k$$\end{document}$. We start with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega _0 = \omega $$\end{document}$ and proceed as follows for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i \in 1, \dots , n$$\end{document}$: If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ var (x_i) \in var (\omega )$$\end{document}$, define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega _i = \omega _{i-1}$$\end{document}$. In contrast, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ var (x_i) \notin var (\omega )$$\end{document}$, define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega _i = \omega _{i-1} x_i$$\end{document}$.

By a simple induction on *i* we can now show $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha x_1 \dots x_i \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}F{\,}|{\,}\omega _i$$\end{document}$ for every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i \in 0, \dots , k$$\end{document}$: The base case, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}F{\,}|{\,}\omega $$\end{document}$, holds by assumption. The induction hypothesis states that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha x_1 \dots x_{i-1} \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}F{\,}|{\,}\omega _{i-1}$$\end{document}$. Now, for the induction step, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega (x_i) = 0$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega _{i}$$\end{document}$ is of the form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega _{i-1}{\overline{x}}_i$$\end{document}$. In this case, by Lemma [9](#FPar28){ref-type="sec"}, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha x_1 \dots x_i \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}F{\,}|{\,}\omega _{i-1} {\overline{x}}_i$$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ var (x_i) \notin var (\omega )$$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega (x_i) = 1$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega _i$$\end{document}$ is of the form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega _{i-1} x_i$$\end{document}$. In that case, by Lemma [7](#FPar25){ref-type="sec"}, $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha x_1 \dots x_i \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}F{\,}|{\,}\omega _{i-1} x_i$$\end{document}$ . $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

As immediate consequence we obtain one of our main statements:

Theorem 11 {#FPar32}
----------

If a clause *C* is $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
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                \begin{document}$$\mathsf {PR}$$\end{document}$ with respect to *F*, then every superclause of *C* is $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$\mathsf {PR}$$\end{document}$ with respect to *F*.

Next, we show that we can remove certain literals from propagation-redundant clauses without violating their property of being propagation redundant. The idea is as follows: Let *C* be a clause that is propagation redundant with respect to a formula *F* and let $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha x_1 \dots x_k$$\end{document}$ be the assignment blocked by *C*. Now, if unit propagation on $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha $$\end{document}$ derives the unit clauses $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$$x_1, \dots , x_k$$\end{document}$, then the clause that blocks only $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$---and not the whole assignment $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$\alpha x_1 \dots x_k$$\end{document}$---is propagation redundant with respect to *F* too. To show this, we first introduce the notion of *propagation extensions*. Note that in the following definition, by a *consistent* set of unit clauses, we mean a set of unit clauses that does not contain two complementary unit clauses *x* and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\overline{x}}$$\end{document}$:

Definition 8 {#FPar33}
------------

Let *F* be a formula, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$\alpha $$\end{document}$ be an assignment, and let $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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Lemma 12 {#FPar35}
--------
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Proof {#FPar36}
-----
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Proof {#FPar38}
-----
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {LPR}$$\end{document}$ clause, then the resulting clause is also an $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {LPR}$$\end{document}$ clause. As we will see later, this is not the case for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {SPR}$$\end{document}$ clauses. We start with two lemmas:

Lemma 14 {#FPar39}
--------

Let *F* be a formula, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega $$\end{document}$ assignments, and *x* a literal such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}x$$\end{document}$. Then, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}F{\,}|{\,}\omega x$$\end{document}$ implies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}F{\,}|{\,}\omega $$\end{document}$.

Proof {#FPar40}
-----

Suppose to the contrary that there exists a clause $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D{\,}|{\,}\omega \in F{\,}|{\,}\omega $$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha \nvdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}D{\,}|{\,}\omega $$\end{document}$. Then, *D* must contain *x*, for otherwise $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega x$$\end{document}$ would not satisfy *D*, which would in turn imply $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha \nvdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}F{\,}|{\,}\omega x$$\end{document}$. Therefore, the clause $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lnot (D{\,}|{\,}\omega )$$\end{document}$, being the conjunction of the negated literals of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D{\,}|{\,}\omega $$\end{document}$, must contain $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\overline{x}}$$\end{document}$. But then, since unit propagation on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha $$\end{document}$ derives *x*, it follows that unit propagation derives a conflict on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha \wedge \lnot (D{\,}|{\,}\omega )$$\end{document}$. Hence, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}D{\,}|{\,}\omega $$\end{document}$ and thus $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}F{\,}|{\,}\omega $$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Lemma 15 {#FPar41}
--------

Let *F* be a formula, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$ an assignment, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha \!^{+}$$\end{document}$ a propagation extension of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$ on *F*, and *l* a literal. Then, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha \!^{+} \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}F{\,}|{\,}\alpha _l\!\!^{+}$$\end{document}$ implies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}F{\,}|{\,}\alpha _l$$\end{document}$.

Proof {#FPar42}
-----

Assume that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha \!^{+}$$\end{document}$ is a propagation extension of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$. Then, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha \!^{+}$$\end{document}$ is of the form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha \tau $$\end{document}$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$ make the literals true that have been derived by unit propagation on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha $$\end{document}$. To show that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}F{\,}|{\,}\alpha _l$$\end{document}$, we distinguish two cases:

$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ var (l) \in var (\alpha )$$\end{document}$: In this case, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha \tau \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}F{\,}|{\,}\alpha _l \tau $$\end{document}$ and thus $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}F{\,}|{\,}\alpha _l \tau $$\end{document}$. Now, since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}x$$\end{document}$ for every literal *x* satisfied by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$, we use Lemma [14](#FPar39){ref-type="sec"} to repeatedly remove from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _l \tau $$\end{document}$ all assignments made by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$ to obtain $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}F{\,}|{\,}\alpha _l$$\end{document}$.

$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ var (l) \in var (\tau )$$\end{document}$: In that case, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha \tau \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}F{\,}|{\,}\alpha \tau _l$$\end{document}$. Since unit propagation on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha $$\end{document}$ derives $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\overline{l}}$$\end{document}$, there exists a clause $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$D \in F$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha \tau _l$$\end{document}$---which satisfies *l*---falsifies *D*. Hence, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D{\,}|{\,}\alpha \tau _l = \bot $$\end{document}$, and since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha \tau \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}D{\,}|{\,}\alpha \tau _l$$\end{document}$, it follows that unit propagation derives a conflict on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F {\,}|{\,}\alpha \tau $$\end{document}$. But then unit propagation must derive a conflict on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha $$\end{document}$ and thus $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha $$\end{document}$ implies every clause via unit propagation. We thus conclude that $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}F{\,}|{\,}\alpha _l$$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

The following Theorem is now an immediate consequence of Lemma [15](#FPar41){ref-type="sec"}:

Theorem 16 {#FPar43}
----------

Let *C* be a clause that is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {LPR}$$\end{document}$ with respect to a formula *F* and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha \!^{+}$$\end{document}$ be the assignment blocked by *C*. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha \!^{+}$$\end{document}$ is a propagation extension of an assignment $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$ on *F*, then the clause that blocks $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$$\alpha $$\end{document}$ is $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {LPR}$$\end{document}$ with respect to *F*.

The corresponding property does not hold for $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {SPR}$$\end{document}$ clauses, as illustrated by the following example:

Example 7 {#FPar44}
---------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F = ({\overline{x}} \vee y) \wedge (x \vee {\overline{y}})$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C = x \vee y$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L = \{x, y\}$$\end{document}$. Then, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha \!^{+} = {\overline{x}}\,{\overline{y}}$$\end{document}$, which is the assignment blocked by *C*, is a propagation extension of the assignment $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha = {\overline{x}}$$\end{document}$. Moreover, since $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha _L\!\!\!\!\!^{+}$$\end{document}$ contains no clauses, we have $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha \!^{+} \vdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}F{\,}|{\,}\alpha _L\!\!\!\!\!^{+}$$\end{document}$ and thus *C* is set-propagation redundant with respect to *F*. However, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha \nvdash _{^{_{\!\!\!\raisebox {-5pt}{1}}}}F{\,}|{\,}\alpha _x$$\end{document}$ and thus the subclause *x* of *C* is not set-propagation redundant with respect to *F*. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

We conclude this section with an observation about the witnessing assignments of propagation-redundant clauses. In the case of propagation redundancy, the domain of the witnessing assignment $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$\omega $$\end{document}$ is not constrained to a particular set of variables. Thus, if we are given a clause *C* and we want to find a corresponding assignment $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega $$\end{document}$ that witnesses the propagation redundancy of *C*, we would have to consider assignments over all possible sets of variables. It turns out, however, that there is always a witnessing assignment that assigns all variables occurring in *C*, and possibly more. Thus, if $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha $$\end{document}$ is the assignment blocked by *C*, we only need to consider assignments $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega $$\end{document}$ such that $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$ var (\alpha ) \subseteq var (\omega )$$\end{document}$. The reason for this is that we can extend every witness $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$\omega $$\end{document}$ to the variables of $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$ var (\alpha )$$\end{document}$:

Proposition 17 {#FPar45}
--------------

Let *F* be a formula, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$$\alpha $$\end{document}$ and $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$$\omega $$\end{document}$ assignments, and *x* a literal such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ var (x) \in var (\alpha ) \setminus var (\omega )$$\end{document}$. Then, $\documentclass[12pt]{minimal}
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Related Work {#Sec8}
============

Here, we discuss how the concepts in this article are related to *variable instantiation* \[[@CR1]\], *autarkies* \[[@CR24]\], *safe assignments* \[[@CR29]\], and *symmetry breaking* \[[@CR6]\]. If $\documentclass[12pt]{minimal}
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According to Weaver and Franco \[[@CR29]\], an assignment $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega $$\end{document}$ is considered *safe* if, for every assignment $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ var (\alpha ) = var (\omega )$$\end{document}$, it holds that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha \vDash F{\,}|{\,}\omega $$\end{document}$. If an assignment $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega $$\end{document}$ is safe, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\omega $$\end{document}$ is satisfiability equivalent to *F*. In a similar fashion, our approach allows us to block all the above-mentioned assignments $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha \ne \omega $$\end{document}$. Through this, we obtain a formula that is logically equivalent to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\omega $$\end{document}$. Note that safe assignments generalize autarkies and variable instantiation. Moreover, while safe assignments only allow the application of an assignment $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega $$\end{document}$ to a formula *F* if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha \vDash F{\,}|{\,}\omega $$\end{document}$ holds for *all* assignments $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha \ne \omega $$\end{document}$, our approach enables us to block an assignment $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha $$\end{document}$ as soon as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F{\,}|{\,}\alpha \vDash F{\,}|{\,}\omega $$\end{document}$.
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Open Problems and Future Work {#Sec9}
=============================
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On the practical side, we want to pursue some ideas to improve SAT solving by learning short $\documentclass[12pt]{minimal}
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Conclusion {#Sec10}
==========

We presented a clean and simple characterization of clause redundancy that is based on an implication relation between a formula and itself under different partial assignments. Replacing the implication relation by efficiently decidable notions of implication, e.g., the superset relation or implication via unit propagation, gives then rise to various polynomially-checkable redundancy criteria. One variant yields a proof system that turns out to coincide with $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathsf {RAT}$$\end{document}$, which together with deletion is the de-facto standard in SAT solving. We conjecture the proof systems based on the other two variants to be stronger if the introduction of new variables is not allowed. We showed that these more general proof systems admit short clausal proofs without new variables for the famous pigeon hole formulas. Experiments show that our proofs are much smaller than existing clausal proofs and that they are also much faster to check. Our new proof systems concisely simulate many other concepts from the literature such as autarkies, variable instantiation, safe assignments, and certain kinds of symmetry reasoning.
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In the conference version \[[@CR14]\] of this article, we wrongly stated that we can add all *falsified* unit clauses instead of the *satisfied* ones.
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